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Abstract 
The work compares the capability of three simple models to reproduce the nonlinear 
elastic behaviour of rubberlike materials using experimental data due to Treloar and 
to Kawabata. These are the Arruda and,Boyce eight-chain model, the first stretch 
invariant model, and the Turner and Brennan composite model. 
The eight-chain model produces very similar results to those of the first stretch ! 
invariant model, and thus it is shown that it can not be much improved within these' 
limitations. 
The composite model gives excellent agreement with the extensive data due to 
Kawabata and it conforms much more closely to the quintessential data due to Treloar 
than the two other models in focus. 
Then the composite model is applied to predict the yield stress of oriented PVC. 
Thereto a set of experiments has been performed to determine the variation of the 
yield stress with orientations for different pre-stretches. The agreement between the 
prediction and the experimental results is proven to be quite satisfactory. 
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Dima Miroshnychenko 
Introd uction 
The present study involves modelling the mechanical behaviour of rigid PVC material. 
Herein we endeavour to evaluate the capability of different mathematical models 
to predict nonlinear elastic properties of drawn PVC samples in order to extend 
boundaries of our understanding for further development. 
Resulting from previous re~earch undertaken in IPTME at Loughborough Univer-
sity considerable experimental data [9-13,15,19,25] have already been accumulated 
on the nonlinear mechanical response of PVC material to deformation, and these 
together with data due to Treloar [20], considered by many to be the quintessential 
rubber data, and data due to Kawabata [14], who performed extensively not only 
uniaxial and equibiaxial tests but also non-equibiaxial ones, provide a starting point 
in our analysis. As our modelling proceeds incorporating further tensile properties (in 
particular, yield) of PVC material, it would be necessary to design new experiments 
to provide specific data for model evaluation. 
Our particular interest lies in mathematical modelling the mechanical behaviour 
of PVC at room temperature following a prescribed planar deformation carried out 
above a glass transition temperature (at which a polymer undergoes the glass to 
rubber transition), that corresponds to a discontinuity of physical parameters (and in 
particular of the thermal expansion coefficient). In this prescribed deformation the 
material is allowed to cool under restraint, giving rise to an oriented product with 
enhanced mechanical properties such as increased yield stress and failure strength. 
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The enhanced properties in one direction are accompanied by lowering the properties 
in the other. 
Orientation is being used increasingly to enhance product properties. Examples 
for PVC include stretch blow moulded bottles, corrugated roofing sheet and pipe, 
as well as film products and flexible shrink sleeving. The growing importance and 
commercialisation of oriented products has recently been highlighted [26-28J. 
The enhanced mechanical properties which are to be modelled arise through the 
process of deforming the material at a temperature above its glass transition tem~ 
perature, Tg, and then allowing it to cool to room temperature whilst still under 
load. If unloading is allowed to take place at the drawing temperature the result is 
a virtually complete recovery of the deformation. Unloading at room temperature 
gives rise to enhanced properties including increased yield and tensile strength (with 
an accompanying reduction in strain to failure), as well as increased impact strength. 
For uniaxially or unequal biaxially oriented samples, property anisotropy is observed. 
The deformation behaviour of PVC is controlled by its physical structure, which is 
unusual, since it is neither a conventional crystalline polymer, containing spherulites, 
nor a totally amorphous one. It contains about 10% crystallinity, which is present 
as small crystallites approximately 10 nm in diameter joined together by a myriad of 
long chain molecules whose lengths considerably exceed the,mean distance between 
crystallites. The structure thus has a form similar to that of crumpled chicken wire 
with the crystallites at the nodes, but with a large number of crumpled strands 
joining the nodes. When the material is deformed by the action of external forces 
above Tg , the performance is that of a network. The initially crumpled long chains 
are progressively straightened and the crystallites rotate so that the structure takes 
up some preferred orientation [8J. 
Rigid PVC has a Tg of about 80°C, so that any orientation produced at higher 
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temperatures is "frozen in" on cooling below this temperature. The maximum exten-
sibility of rigid PVC is achieved at about 90°C, an effect attributable to the network 
structure described above [12J. 
The tensile properties in focus are the deformation and yielding at room temper-
ature of rigid PVC sheets which have been stretched at temperatures :::: 90°C and 
then allowed to cool to room temperature whilst being held in the stretched state. 
The work of other investigators would indicate that the effect of the hot working is 
to introduce a residual stress state into the material. Put crudely, this is based on a 
two mechanism model in which it is assumed that the chains stretch elastically but 
that there is a viscoelastic resistance to the relative motion of the chains. With the 
stretched material held at high temperature,the viscoelastic stresses relax leaving the 
elastic chain stresses which on unloading would tend to make the material recover to 
its original length. However, since the unloading is at much lower temperature, below 
Tg, the viscoelastic modulus is much higher and this opposes the recovery so that the 
sheet remains in its stretched state. It is therefore assumed that before the material 
can yield it is first necessary to counteract the residual stress and that additional 
stresses over and above this value will be required in order to produce yielding. 
Experimental evidence [15J accumulated previously shows that for unoriented sam-
ples yield generally occurs through the local formation of a neck, followed by the 
growth of the necked region until the entire gauge length of the test specimen has 
undergone the necking. This stage is followed by a short stage of uniform extension 
. prior to fracture. The amount of necking depends strongly on the prior hot defor-
mation of the material and for sufficiently large prior deformation no necking takes 
place and the deformation is a uniform extension followed by fracture. 
The aim of our evaluation is to utilise such a mathematical model, which would be 
consistent with the structure described, would replicate the various processes under-
gone by the polymer, and which constitutive equations, being simple and tangible, 
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would correctly predict the stresses required to bring about further (possibly non-
uniform) deformation of the materiaL 
Much of the published work on biaxial deformation of polymers is concerned with 
the modelling of deformation processes; our interest lies in modelling the subsequent 
properties of the str~tched polymer. Related work is being carried out at a number of 
institutions. Buckley and co-workers [4,5, 7J have developed a system of constitutive 
equations in differential form, which model the mechanical behaviour 6f amorphous 
polyethylene terephthalate at temperatures near its Tg• Sweeney and Ward [17,18J 
have modelled the multiaxial stretching of PVC both immediately below and im-
mediately above its glass transition temperature. Other relevant work is that due 
to Arruda and Boyce and co-workers [1-3J who have derived constitutive equations 
governing the plastic deformation of a range of glassy polymers. The mechanics of 
neck formation and growth in the cold drawing of elastic films has been studied by 
Coleman and Newman [6J for isotropic materials. 
It is proposed to base 'the model for determining the residual stress on an approach 
similar to that used by Thrner and Brennan [23,24J and by Arruda and Boyce [lJ. 
Both assume that the elastic energy due to the chain stretching is a function of the 
first invariant of the stretch tensor and from this it is possible to get expressions for the 
stresses. A more general approach would be to assume that the strain energy depends 
on the first and second invariants of the stretch tensor and it might be necessary to' 
adopt this model in the light of the experimental results. 
Therefore in general it is necessary to carry out a series of tests in which the stress 
history during the hot stretching process would be monitored as a function of the 
stretching mode and draw ratios in order to determine the form of the strain-energy 
function. Unfortunately, at the time the research was being conducted the equipment 
had not been ready for this kind of experiments, and therefore in particular we based 
our study on the data due to Treloar and extensive data due to Kawabata on the 
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rubber material. 
To predict the yield stress of oriented PVC material it is necessary to take into 
account the material anisotropy resulting from the pre-stretching, and it is proposed 
to incorporate this in the model by residual stresses as well. 
In order to examine the proposed model for yielding deformation it is n~cessary 
to produce sheets with different draw ratios and carry out a series of uniaxial tensile 
tests on specimens cut at a range of orientations' relative to the' principal stretch 
, 
directions of the sheet. 
The establishment of a model governing the mechanical behaviour of oriented 
PVC material will provide, the stress analyst with a series of equations from which 
the subsequent deformation and flow under a variety of loading conditions can be pre-
dicted. The ability to perform these predictions can in turn lead to the identification 
of design criteria for the industrial application of these oriented materials. Models 
produced would be of particular interest to product designers, and plastics processors 
involved in the development of oriented processes and polymer suppliers. 
Chapter 1 
The Arruda and Boyce model and 
its evaluation 
In this chapter we explore how the stress-strain relations are determined through the 
strain energy. Then we evaluate the predictive capability of the Arruda and Boyce 
eight-chain model to reproduce the experimental results by Treloar in juxtaposition 
with the first stretch invariant model. The comparison has revealed that Arruda and 
Boyce indeed achieved quite a remarkable approximation to the strain-energy func-
tion dependent on the first invariant of stretch tenso~ only. In the attempt to modify 
the eight-chain model and to predict more accurately the mechanical behaviour of 
rubberlike materials we also consider a more general type of the strain energy, con-
sequently reducing it to the simple additive form of two functions dependent on first 
and second invariants of the stretch tensor correspondingly. Quite a simple and plau-
sible assumption about a linear relation between the first stretch invariant function of 
the newly amended model and the strain-energy function derived for the eight-chain 
model reduces the former model to nothing else but the Arruda and Boyce model it-
self. In Chapter 2 we extend our evaluation onto the 'fumer and Brennan composite 
model. 
6 
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1.1 Introduction 
One of the models in focus is that due to Arruda and Boyce [1] who have derived 
constitutive equations governing the elastic deformation of rubberlike materials that 
possess the underlying macromolecular network structure which exhibits the non-
Gaussian behaviour of its individual chains. The developed constitutive relation is 
based on an eight-chain representation which accurately captures the cooperative 
nature of network deformation. The model involves a strain-energy function, that 
is dependent on the first invariant of the stretch tensor· only, and requires only two 
material parameters, an elastic modulus and a limiting chain extensibility. 
The results of their eight-chain model as well as those of several prominent models 
were [1] compared with experimental data due to Treloar [20]. Arruda and Boyce [1] 
illustrated the simplicity and effectiveness of their model over the earlier models. 
Herein we put this eight-chain model [1] to the test, juxtaposing it with the ar-
bitrary first stretch invariant model. Particularly, we exploit the experimental data 
due to Treloar for the uniaxial extension to predict on the basis of the first stretch 
invariant model the results in equibiaxial extension. Then we compare those values 
of the stress predicted with the results of the Arruda and Boyce model in equibiaxial 
extension. 
In the last section, we consider a more general type of the strain energy. Reducing 
it to the simple additive form of two functions dependent on first and second invari-
ants of the stretch tensor correspondingly, we attempt to modify the Arruda and 
Boyce model in order to improve the accuracy. Therein we employ quite a simple and 
plausible assumption about a linear relation between the first stretch invariant func-
tion of the newly amended model and the strain-energy function derived by Arruda 
and Boyce in their paper [1]. 
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1.2 On the strain-energy function 
This section introduces some preliminaries about the determination of the stress-
strain relations through the strain energy, and this gives a fairly general insight into 
. the basis of the Arruda and Boyce treatment in general and the derivation of the 
strain-energy function for their eight-chain model in particular, which are discussed 
in the next section. 
The stress-strain relation is automatically determined once a function for the 
strain energy is chosen. Its choice is generally unrestricted but not· completely. In 
this section we also point out some certain requirements of logical consistency which 
determine at least some properties of strain-energy function. 
The interrelationship of different types of strain can be brought about through 
the work of deformation or the strain energy [21]. This determines the stress-strain 
relation to within an arbitrary hydrostatic pressure p 
1 aw 
ai = -p + AjAk . aAi' (1.1) 
where ai are principal stresses, Ai are principal extension ratios (subscripts j and k 
indicate that these are different form i and each other), and· W is the strain energy, 
that is evidently a function of principal stretches 
(1.2) 
This gives a very wide scope that the theory can cover, though we need it be 
sufficiently specific to be of real value. Rivlin [16] pointed out that the strain-energy 
function cannot be chosen completely arbitrary and considered certain requirements 
of logical consistency which determine at least some of its properties. 
Firstly, the strain energy is unaltered by the rotation of deformed body, for in-
stance, through 1800 , which corresponds to a change of sign of two of the A. This 
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. implies that the strain energy must depend on only even powers of the A, then (1.2) 
is rewritten as 
(1.3) 
Secondly, for isotropic materials in an unstrained state the strain energy is a sym-
metrical function in Ab A2, A3, having a form from which all directional distinction is 
absent, and thus it follows that the strain energy (1.3) can be expressed as 
in terms of the following three invariants of the stretch tensor: 
11 = A~ + A~ + A~, 
12 = A~A~ + A~A~ + A~A~, 
13 = A~A~Ai. 
Assuming the incompressibility condition of rubberlike materials considered 
we have, further, 
13 = 1, and 12 = 1/'>'~ + 1/A~ + l/A~; 
(1.4) 
(1.5) 
(1.6) 
(1.7) 
(1.8) 
In the next section we present the eight-chain model derived by Arruda and Boyce. 
1.3 The Arruda and Boyce eight-chain model 
In this section we present a three-dimensional constitutive model derived by Arruda 
and Boyce for the large stretch behaviour of rubber elastic materials with the under-
lying macromolecular network structure that exhibits the non-Gaussian behaviour of 
its individual chains. 
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The simplest function of the strain energy that represents the Gaussian behaviour 
of individual chains within the macromolecular network structure of an isotropic, 
elastic material has the form 
where G is a physical constant of the material (an elastic modulus). 
However, the model proposed exploits Langevin chain statistics that is based upon 
the consideration of eight orientations of chains in space which may be envisioned 
by the eight chain network system sketched in Figure 1.1 for undeformed, uniaxial 
extension and biaxial extension loaded configurations. 
(a) (c) ._-----.,." 
Figure Ll: Eight-chain rubber elasticity model for (a) undeformed, (b) uniaxialex-
tension and (c) biaxial extension configurations. Reproduced from [IJ. 
The use of Langevin statistics properly accounts for the limiting chain extensibil-
, ity. The work of deformation W can be written in terms of the chain length Tchain in 
the form 
(1.9) 
where n is the chain density, ks is Boltzmann's constant, T is the temperature, N is 
the number of statistical links of length I, fJ is the inverse Langevin function 
fJ = ,e-l [Tchain/NIJ, (LlD) 
------- ~- - - --
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which is defined as 
£,((3) = coth (3 - (1/(3), (1.11) 
and d is a constant. 
The length of the initial chain TO is taken from a random walk consideration of N 
steps of length /, and can be expressed as 
TO =..fN /. (1.12) 
The unstretched network includes eight chains ofinitiallength (1.12) inside a cube 
of dimension ao. From this geometry 
2 
ao = v'3 TO· (1.13) 
Each chain is represented by a chain vector from the centre of the cube to a corner 
as shown in Figure 1.2. 
• 
Figure 1.2: The unstretched network of the eight-chain model. Reproduced from [1]. 
After the deformation the cube is stretched along the axes (its sides), which coin-
cide with principal directions of strain, as shown in Figure 1.3. Then the chain vector 
12 
for a particular chain shown in Figure 1.3 may be written in the form 
(1.14) 
The length of this chain vector is equal to 
ao (\2 \2 \2)1/2 
Tchain = 2" "1 + "2 + "3 • . (1.15) 
All remaining chain vectors in the given configuration have the same lengths, namely 
(1.15), regardless of deformation state. Each chain in the system undergoes a stretch, 
Achain = Tchain/To, equivalent to that in every other network chain, and therefore the 
model is likened to averaging the contributions of a single chain over the eight spatial 
orientations. 
I 
k 
). a ' 
2 .. 0 
Figure 1.3: The eight-chain net~ork in stretched mode. Reproduced from [1]. 
In this form the expression for the chain vector length (1.15) is suitable for sub-
stitution into (1.9) which with (1.1) yields the following stress-stretch relation fo! the 
eight-chain model 
al ~ a3 = Al oW _ A3 oW = nk.T VN£,-1 [Achain] A~ - A~. 
OAl OA3 3 .jN Achain (1.16) . 
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Note that this formula (1.16) is given in [1] with N in front of inverse Langevin 
function instead of its square root, VR, which is probably just an erratum. 
The chain extension in this network model is given by a function of the root-mean-
square of the applied stretches, 
\ 1 (\2 \2 \2)1/2 _ 1 11/2 
"chain = y'3 "1 + "2 + "3 - y'3 1 , (1.17) 
SO that the strain energy of the eight-chain model appeared as a function of the first 
stretch invariant 11 only. 
Finally, the strain-energy function of this model may be found [1] through inte-
gration of (1.16) using the series expansion form for the Langevin function given for 
example in [22]. Herein, we cite the first five terms of this series expansion for the 
strain-energy function (1.9) of eight-chain model given at Arruda and Boyce [1] 
W ' nkaT [~ (It - 3) + 2~N (I; - 9) + 1O:~N2 (I; - 27)] 
[ 
19 (' 4 ) 519 (5 ) ] 
, + nkBT 7000N3 11 - 81 + 673750N4 11 - 243 +... , 
(1.18) 
and it clearly exhibits the nonlinear dependence of the strain energy on first invariant 
of the stretch tensor, 11• 
In the next section we deal with the experimental data due to Treloar [20] and 
consider the standard deviations in its prediction by the eight-chain model. 
1.4 The experimental data due to Treloar 
, 
At this stage we test the capability of the models in question to predict the stress-
strain relations using the experimental data due to Treloar [20]. Therefore, in this 
section we present this data and explain the observed similarities between shear' and 
uniaxial tensile behaviour and the differences in behaviour between equibiaxial and 
uniaxial tests. 
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Uniaxial extension Biaxial extension Pure shear 
A t (MPa) A t (MPa) A t (MPa) 
1.293 0.198 1.284 0.396 1.479 0.415 
1.414 0.283 1.690 0.632 1.861 0.599 
1.601 0.382 1.959 0.750 2.341 0.779 
1.886 0.482 2.463 0.972 2.968 0.935 
2.155 0.600 3.089 1.237 3.505 1.105 
2.440 0.661 3.480 1.463 3.986 1.276 
3.042 0.869 3.837 1.718 4.417 1.469 
3.628 1.026 4.154 1.963 4.734 1.625 
4.132 1.238 4.365 2.194 4.994 1.800 
4.848 1.588 4.559 2.449 
.5.433 1.951 
5.823 2.324 
6.213 2.677 
6.505 3.050 
6.699 3.417 
6.991 3.771 
7.185 4.129 
7.240 4.492 
7.328 4.883 
7.522 . 5.251 
7.594 5.604 
Table 1.1: Values of engineering stresses t correspondent to stretches A from Treloar's 
data on uniaxial extension, biaxial extension and pure shear. 
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As shown in Figure 1.4, Treloar's data on the vulcanised 8% Sulphur rubber 
includes tests. in uniaxial extension, biaxial extension and pure shear to very large 
stretches and are plotted as engineering stress versus extension ratio. The numerical 
values of engineering stress-strain points are presented in the Table 1.1. 
6 
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Figure 1.4: Data from Treloar [20], plotted as engineering stress versus extension 
. ratio in uniaxial extension, equibiaxial extension and pure shear. 
Note should be made herein about the difference between engineering stress and 
true stress. The latter is the force on the test piece divided by the current cross-
sectional area, whilst the former is the ratio of this force to the original cross-sectional 
area. Considering incompressible materials, the true stress can be easily obtained 
multiplying the engineering stress by the extension ratio. The rubber industry and 
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experimentalists (for instance, Kawabata's data [14]) traditionally measure engineer-
ing stresses, and the Treloar data presents the values of engineering stresses as well. 
The data on biaxial extension in Figure 1.4 varies significantly from either uniaxial 
extension or pure shear data. This difference' is due to the nature of the molecular 
chain stretching inequibiaxial extension versus uniaxial extension. 
A biaxial extension 
(1.19) 
offers two directions of principal tensile stretch. An initially isotropic network of 
chains will reach limiting chain extension due to stretching in both directions provid-
ing a planar state of orientation. 
In uniaxial tensile deformation 
(1.20) 
the chains extend along one direction only. Additional stretch is thus allotted through 
the drawing of material from the transverse direction, and the onset of limiting chain 
extension is delayed in juxtaposition with one in biaxial deformation. 
The pure shear data is plotted (Figure 1.4) in terms of the maximum principal 
stretch, AIo versus the corresponding normal (not shear) engineering stress which acts 
in the direction of Al. Pure shear deformation 
(1.21) 
is more closely related to uniaxial extension than to equibiaxial one. The chain stretch 
occurs due to stretching along one principal direction with chains being drawn from 
one direction transverse to the extension direction in pure shear. Thus a pure shear 
experiment yields a limiting stretch value which is similar to that obtained in uniaxial 
extension. 
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The model that captures the observed similarities between shear and uniaxial 
tensile behaviour and the differences in behaviour between equibiaxial and uniaxial 
tests will satisfy our search. 
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Figure 1.5: Results of the eight-chain model by Arruda and Boyce [1] versus experi-
mental data from Treloar [20] on uniaxial, biaxial extensions and pure shear. 
On the basis of Treloar's experimental data [20] Arruda and Boyce compared [1] 
the predictive capability of their eight-chain model (1.16) with those of several promi-
nent models: the three chain non-Gaussian model of Wang and Guth, the non-
Gaussian tetrahedron model of Treloar, the well-known Mooney-Rivlin phenomeno-
logical model, the essentially empirical model of Ogden, and the Flory-Erman model 
of statistical mechanics which accounts for chain interactions. 
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The best fit with Treloar's data on uniaxial extension (standard deviation=4.452%) 
was obtained with parameters chosen as 
N= 26.5, 
nkBT = 0.09245 J. 
3 
(1.22) 
Arruda and Boyce [1 J illustrated the simplicity and effectiveness of their model over 
the earlier models. Only the Ogden model has been proved capable to better pre-
dict the mechanical response of rubber materials. However, in order to capture this 
nonlinear behaviour, it required six parameters in juxtaposition of only two of the 
eight-chain model. 
The eight-chain model (1.16) predicts quite accurately (Figure 1.5) the response 
of rubberlike materials in uniaxial extension and pure shear and better than others 
in equibiaxial extension.· However, there is still a considerable discrepancy between 
the prediction and experiment in equibiaxial deformation. The standard deviation 
between the Treloar experimental data and the simulation by eight-chain model in 
equibiaxial extension amounts to 20.1%, which is still excessive. 
In the next section we assess the possibility to improve the results of the Arruda 
and Boyce eight-chain model. For this purpose we still regard. the strain energy 
as a function dependent on the first invariant of the stretch tensor only, and thus 
evaluate the possibility to derive the strain-energy function which would give a better 
agreement with the Treloar experimental data in equibiaxial extension. 
1.5 Comparison with the first stretch invariant model 
The general form of a strain-energy function is represented by (1.8). The strain energy 
derived by Arruda and Boyce represents the behaviour of an isotropic, incompressible, 
rubber elastic material with the macromolecular network structure, that exhibits non-
Gaussian behaviour of its individual chains, and has the form of (1.9). It is dependent 
19 
on only the first invariant of the stretch tensor h and is clearly nonlinear (1.18) in it. 
In this section we assess the predictive ability of the Arruda and Boyce model 
juxtaposing it with a model, whose strain energy is also a function of the first invariant 
of the stretch tensor only 
W=W(h), (1.23) 
and thus we shall regard the latter as the first stretch invariant model. In general, we 
evaluate the possibility to deduce the form of a strain-energy function (1.23) which 
would lead to a better agreement with the Treloar experimental data in equibiaxial 
extension. 
As shown in the previous section (Figure 1.5) the simulation by the eight-chain 
model in uniaxial extension gives quite accurate agreement with the Treloar experi-
mental data. Hence, it is reasonable to expect that the first stretch invariant model 
will do also welt predicting engineering stresses in uniaxial deformation. Then the 
engineering stress (tensile force) in biaxial extension can be predicted theoretically 
on the basis of (1.1), (1.23), and available experimental data in uniaxial test. 
Since the invariants of the stretch tensor are independent of the choice of coor-
dinate system, it will be convenient for many purposes to proceed in terms of them. 
Hence the stress-strain relation (1.1), following the substitution of the strain-energy 
function (1.23), yields the expression 
dW all 2dW 
Ui = -p + Ai dI
I 
• aAi = -p + 2\ dh (1.24) 
in terms of the derivative of the strain energy with respect to the first stretch invariant. 
In uniaxial extension 
(1.25) 
(the subscript indicates the type of tension: u for uniaxial, B for biaxial) the principal· 
stresses are. given by 
/71 = 2(A~ -l/Au)W'(I~), /72 = /73 = 0, (1.26) 
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and the first stretch invariant has the form 
If = >.~ + 2/ >'u. (1.27) 
The engineering stress t{>.u) = tu corresponds to ad >'u, and the equation (1.26) gives 
(1.28) 
We can find a principal extension ratio in equibiaxial extension 
(1.29) 
such that it would give the first invariant of the stretch tensor 
(1.30) 
with the same value as one in uniaxial extension (1.27). This will allow to calculate 
. the principal stresses in this equibiaxial deformation through the formulae 
(1.31 ) 
using the value for the derivative of the strain-energy function (1.28) found for uniaxial 
extension. The correspondent tensile force t{>.s) = ts thus can be expressed as 
(1.32) 
To determine the value of an extension ratio in equibiaxial deformation with the 
first stretch invariant in uniaxial one we equate (1.27) with (1.30): 
2>'~ + 1/ >.! = If = If = >.~ + 2/ >'u: (1.33) 
One of the roots of (1.33) corresponds to a biaxial compression 
1 . 
>'s = ..;>:;; < 1, (1.34) 
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. 
Uniaxial extension Strain energy Biaxial extension 
>'u tu (MPa) IU 1 W'(IP) >'B tB (MPa) 
1.293 0.198 3.219 0.142 1.151 0.187 
1.414 0.283 3.414 0.155 1.216 0.260 
1.601 0.382 3.812 0.158 1.320 0.337 
1.886 0.482 4.617 0.150 1.485 0.405 
2.155 0.600 5.572 0.155 1.649 0.487 
2.440 0.661 6.773 0.145 1.828 0.518 
3.042 0.869 9.911 0.148 2.222 0.653 
3.628 1.026 13.714 0.144 2.617 0.753 
4.132 1.238 17.558 0.152 2.962 0.899 
4.848 1.588 23.916 0.165 3.458 1.142 
5.433 1.951 29.886 0.181 3.865 1.396 
5.823 2.324 34.251 0.201 4.138. 1.660 
6.213 2.677 38.923 0.216 4.411 1.908 
6.505 3.050 42.623 0.235 4.616 2.172 
6.699 3.417 45.172 0.256 4.753 2.432 
. 6.991 3.771 49.160 0.270 4.958 2.682 
7.185 4.129 51.903 0.288 5.094 2.935 
7.240 4.492 52.694 0.311 5.133 3.193 
7.328 4.883 53.973 0.334 5.195 3.470 
7.522 5.251 56.846 0.350 5.331 3.730 
7.594 5.604 57.932 0.370 5.382 3.981 
Table 1.2: Engineering stresses tB (1.32) versus stretch >'B (1.35) in equibiaxial exten-
sion, determined using Treloar's experimental data >'u, tu on uniaxial deformation. 
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being of no interest to us as the data does not refer to compression; another root, 
that we have actually looked for, corresponds to the equibiaxial extension 
(1.35) 
while others are negative or complex, and are irrelevant in our consideration. 
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Figure 1.6: Comparison of the results of the Arruda and Boyce (AB) eight-chain 
model (1.9) and of the first stretch invariant model (1.23) in predicting engineering 
stresses in equibiaxial test. 
Table (1.2) represents the experimental data in uniaxial extension Au, tu taken 
from Treloar [20], the values ofthe first stretch invariant IP (1.27), and the derivative 
of the strain-energy function W'(IP) (1.28), and corresponding to them the extension 
-- -- -- -- -- -- ---- ---- - - -- - --- ---- -- ---------------
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ratio AB given by (1.35), and the value ofthe engineering stress tB (1.32) in equibiaxial 
extension. 
The two Figures 1.6 and 1.7 represent Treloar's points in biaxial experiment, 
the engineering stress in biaxial extension (Table 1.2) which is determined upon the 
assumption (1.23) and on the basis of Treloar's experimental data in uniaxial test 
(Table 1.1), and the corresponding points calculated by Arruda and Boyce from their 
eight-chain model for engineering force-extension relation in biaxial strain. 
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Figure 1.7: Comparison of the results of the Arruda and Boyce (AB) eight-chain 
model (1.9) and of the first stretch invariant model (1.23) in predicting engineering 
. stresses inequibiaxial experiment against data of Treloar [20]. 
ApparentlyArruda and Boyce did their utmost constructing a constitutive model 
on the basis of the strain energy (1.9), whose form is basicly limited by (1.23). The 
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standard deviation between the results of their model and the prediction by the first 
stretch invariant model is only 6.8%. This indicates only a possibility of a slight 
improvement on the Arruda and Boyce results. The standard deviation between 
the· Treloar experimental data and the prediction of the first stretch invariant model 
for equibiaxial extension will be still high (somewhat (%) from within the interval 
[18.9, 24.2)). 
It follows from Figure 1. 7 and the last argument that there was not much im-
provement using the strain energy of the form (1.23) compared with that derived by 
Arrudaand Boyce (1.9). 
The comparison of the eight-chain model [1] in question and the first stretch invari-
ant model revealed that Arruda and Boyce had indeed achieved quite a remarkable 
approximation to the latter model. In order to capture more accurately the mechan-
ical behaviour of rubberlike materials it is needed to consider a more general type 
of the strain-energy function (1.8) than limited by (1.23). In the next section we 
attempt to modify the Arruda and Boyce model by reducing the strain energy to the 
simple additive form of functions dependent on either first or second stretch invariant. 
1.6 Modification of the strain energy into the ad-
ditive form 
In this section we assess the possibility to integrate the strain energy (1.9) derived 
for the eight-chain model within a general form of the strain-energy function (1.8). 
For this purpose we consider one of the simplest forms of the strain energy: the 
additive form of two functions, W1 and W2 , that are dependent on either first or 
second invariant of the stretch tensor; It or 12 , 
(1.36) 
I 
I 
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In order to exploit the strain energy (1.9) derived by Arruda and Boyce, we adopt 
herein a quite simple and plausible assumption of a linear relation 
(1.37) 
between the strain-energy function WAB (I1) derived by Artuda and Boyce (subscript 
AB relates to them and 1.9) and the first stretch invariant function W1(h) of the' 
amended model (1.36). Then to determine the parameter Cl! we need to use the 
experimental data on both uniaxial and equibiaxial extensions. 
Recalling the stress-strain relation (1.1) and substituting there the additive form 
of the strain energy (1.36), the former transforms into the expression 
. . (1.38) 
in terms of the derivatives of the strain-energy functions by the first and second 
invariants of the stretch tensor, 11 and [2, correspondingly and then it reduces to 
(1.39) 
. In uniaxial extension 
(1.40) 
the principal stresses are given by 
0'1 = 2(A~ -l/Au)[W{(If) + (l/Au)W~(I~)l, 0'2 = 0'3 =0, (1.41) 
and the first and second stretch invariants have the form 
If = A~ + 2/ Au, I~ = 2Au + 1/ A~. (1.42) 
Since the eight-chain model gives quite accurate agreement with the Treloar experi-
mental data in uniaxial extension, the value of the principal stress 0'1 given by (1.41) 
, 
\ 
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should correspond to (1.26). This will allow to find the derivative of the unknown 
function W2(I2) at a particular 12 = I~ in terms of known WAn(Id as 
(1.43) 
Here the derivative of the strain-energy function WAn (I1) can be calculated at 11 = IP 
either on the basis of the Treloar experimental data in uniaxial extension and (1.28). 
Alternatively it can be computed either through the derivative of the truncated series 
expansion (1.18), that approximates the exact expression (1.9) for the strain energy, 
or directly through the derivative of the latter given by 
W' (J) = nk.T VN£,-l [Achain] 1 
An 1 3 VN 2 Achain . (1.44) 
In equibiaxial extension 
(1.45) 
the first and second stretch invariants are 
(1.46) 
and the principal stresses read 
£71 = £72 = 2(A; - l/A~)[W{(m + A;W~(ml, £73 = O. (1.47) 
Exploiting similar ideas to those from the previous section, we can find an exten-
sion ratio in uniaxial extension such that it would lead to the second stretch invariant 
given by (1.42) with the same value as one given by (1.46) in equibiaxial deformation. 
This will allow to calculate the principal stresses (1.47) for experimental points on 
equibiaxial strain, using the value for the derivative of the unknown function W2(I2) 
found in uniaxial extension (1.43). 
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To determine the value of an extension ratio in uniaxial deformation linked to one 
for equibiaxial strain in the manner prescribed above we equate the second stretch 
invariants in (1.42) and (1.46): 
One of the roots of (1.48) corresponds to a uniaxial compression 
1 
>'v = >.2 < 1, 
B 
(1.48) 
(1.49) 
another root, that we have actually looked for, corresponds to uniaxial extension 
>.4 ( ( 8 ) 1/2) >.~ =; 1 + 1 + >.~ > 1, (1.50) 
while others are negative or complex, and are irrelevant in our consideration. 
Consequently we write the engineering stress in equibiaxial extension as 
where WHIn can be found through (1.43) and (1.50). Or putting 
we can rewrite (1.51) on the basis of (1.37) and (1.43) in terms of W.:'B(h) only 
To find the parameter 0< we form the deviation function 
(1.53) 
to employ the least squares best fit 
d 
do< Dab'(O<) = 0, (1.54) 
--- - --- - ----- ---- _ .. _--------------
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Stretch Function W{(Ir) I2(A8) = I2(A~) Function WW~) Param. 
N>.: , A8 JB 1 ~ W'(Ir) 18 2 A* u I* 1 ~ A~W'(Ji) Cl! 
1: 1.284 3.665 0.157 3.931 1.814 4.393 0.260 0.848 
2: 1.690 5.835 0.153 8.858 4.403 19.841 0.731 0.977 
3: 1.959 7.743 0.146 15.249 7.616 58.266 2.858 0.995 
4: 2.463 12.160 0.146 37.131 18.564 344.73 159.72 1.000 
5: 3.089 19.095 0.155 91.258 45.629 2082.05 69198.7 1.000. 
6: 3.480 24.228 0.166 146.827 73.413 5389.5 1.9.106 . 1.000 
7: 3.837 29.450 0.180 216.890 108.445 11760.3 2.9.107 1.000 
8:4.154 34.515 0.202 297.880 148.938 22182.5 2.6.108 1.000 
9: 4.365 38.109 0.213 363.130 181.565 32965.9 .1.1 . 109 1.000 
10: 4.559 41.571 0.230 432.091 216.045 46675.5 3.6.109 1.000 
Table 1.3: Approximation of the parameter Cl! by the number N>. of experimental 
points in equibiaxial extension taken into account in (1.55). 
where texp (A8) is the Treloar experimental point for the engineering stress in equibi- . 
axial extension, t(A8) is given by (1.52). 
This gives the expression defining the parameter Cl! 
2:)(A8 -1/A~)2 [W~8(If) - A~A~W~8(IiW. 
>'8 
(1.55) . 
Table 1.3 clearly suggests that the assumption (1.36) together with (1.37) can 
work only up to A8 = 1.959. If we take the deformation further then we will exceed 
the limiting material extensibility (A~ > 7.616), and the parameter will tend to 
Cl! = 1.000. (1.56) 
This becomes more evident if we write down the approximate expression of the term 
. 
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in square brackets in (1.52) on the basis of (1.50) as 
The assumption (1.37) together with (1.43) and (1.56) gives 
(1.58) 
and this reduces the strain energy (1.36) of the amended model to that derived by 
Arruda and Boyce for the eight-chain model. This implies that we cannot improve 
the predictive capability of their model within these limitations (1.36), (1.37). The 
search continues. 
Chapter 2 
The Turner and Brennan 
composite model and its evaluation 
In this chapter we turn our attention to the 'TUrner and Brennan composite model, 
which combines the stresses due to the Poisson ratio approach and due to the fila-
ment theory. We have extended the prediction of stresses from the area of low strain, 
considered by 'TUrner and Brennan, into the area of large stretches for the Kawa-
bata experimental data [14] in uniaxial and equibiaxial extensions. Consequently the 
stresses in non-equibiaxial deformations have been predicted quite accurately. The 
agreement with the extensive experimental data due to Kawabata is very remark-
able. And that alone gives strong support the model. To compare the predictive 
capability of the Arruda and Boyce eight-chain model and the composite model we 
have assessed the standard deviations of the latter in the simulation of the Treloar 
experimental data. The results obtained in this chapter suggests that it is advisable 
from the practical standpoint to exploit the composite model for the prediction of the 
mechanical behaviour of PVC materials. In the support of this recommendation the 
third chapter explores the prediction of the yield stress for oriented PVC. 
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2.1 Introduction 
In the first chapter we studied the eight-chain model due to Arruda and Boyce. 
They derived a strain-energy function of outstanding quality for the rubber elastic 
materials with the underlying macromolecular network structure that exhibits non-
Gaussian behaviour of its individual chains. This model exceeds the earlier models' 
in the predictive capacity, though leaving the discrepancy in terms of the standard 
deviation of 20.1 % between the prediction and equibiaxial experiments reported by 
Treloar. The attempts to improve their model did not have much success. 
The other modelling in focus is the Thrner and Brennan composite theory. In this 
chapter we evaluate its potential not only to improve the agreement with the equib-
iaxial experimental data due to Treloar but also to predict the extensive multiaxial 
experimental data due to Kawabata. 
In contrast to the Arruda and Boyce model with its sophisticated chain statistics, 
the composite model is purely empirical. This, however, can turn out to be the 
advantage for we can modify it more easily than the eight-chain model and to whatever 
extent we may want. 
The composite model is the combination of Poisson's ratio approach, discussed 
in some detail in the next section, and filament theory. Thrner and Brennan based 
their model on a single filament only as against the eight-chain configuration in the 
Arruda and Boyce model. Their argument is that each filament of the microstructure 
undergoes the same spatial deformation, so that it is quite appropriate to base the 
model on only a single filament. 
The Poisson ratio approach copes easily within the area of low stretches. Thrner 
and Brennan reproduced the Kawabata experimental data in uniaxial and equibiaxial 
extensions for that region of deformations. 
In this chapter we extend their predictions to the range of large elastic strains. 
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Consequently we predict stresses in non-equibiaxial deformation and compare the 
results with the extensive Kawabata data on it. Also we produce some arguments 
about the limitations on the composite model parameters. 
We start by briefly reviewing the behaviour of a filament extension and tension 
in it, pointing out the areas of dominance by the stresses due to the Poisson's ratio 
approach and by those that arise from the filament theory. Hence Young's modulus 
can be chosen by fitting the curve in the area of low strain, which reduces to a simple 
and tangible procedure. Then we propose a method to determine the parameter 
that describes the limit to extensibility. It is based on the numerical minimisation 
of the standard deviation of the prediction from the Kawabata experimental data 
in uniaxial and equibiaxial deformations collectively. The third parameter of the 
composite model, the filament modulus, is determined as a by-product ofleast squares 
best fit for the standard deviation minimised to find maximum extensibility. 
Also we identified those values of parameters that allow us to .keep the fairly rea-
sonable agreement between the predictions of the composite model in both uniaxial 
and equibiaxial extensions and Treloar's experimental data. Thus our evaluation, 
based on the standard deviations in uniaxial and equibiaxial extensions from the 
Treloar data, advises us to exploit the composite model in the study and characteri-
sation of the mechanical behaviour of oriented PVC material. 
2.2 The Poisson ratio approach 
In this section we present a Poisson's ratio approach, which is due to 'Thrner and 
Brennan [24). We start with some well-known' low strain equations for the stress 
in isotropic, incompressible, elastic materials, and then transform them utilising a 
variable Poisson's ratio. 
The stress-strain relations. [24] normally used in the region of low strain for 
isotropic, elastic materials are well-known and read 
>'1 - 1 = [0"1 - ZI( 0"2 + 0"3)]/ E, 
).2 - 1 = [0"2 - ZI(0"3 + O"Ill! E, 
).3 - 1 = [0"3 - ZI(O"I + 0"2)]/ E, 
where E is Young's modulus, and ZI is Poisson's ratio. 
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(2.1) 
The application of hydrostatic pressure does not affect the· elongations in the 
equations (2.1) when the Poisson ratio v has the value of 0.5, i.e. at infinitesimal 
strains. True stresses are expressed through hydrostatic pressure, p, as 
, 
0"; = -p + 0";, 
where 0": are deviatoric stresses. Then, assuming that 0"3 = -p + O"~ = 0 as it usually 
is and taking into account that (l~ - O"~ = 0"1 - 0"3 and O"~ - O"~ = 0"2 - 0"3, the equations 
(2.1) can be restated in the form 
).1 - 1 = [0"1 - 0"3 - ZI(0"2 - 0"3)]/ E, 
).2 - 1 = [0"2 - 0"3 - ZI(O"I - 0"3)]/ E, 
).3 -1 = -Zl((O"I - 0"3) + (0"2 - 0"3))/E, 
(2.2) 
in which hydrostatic pressure has no effect on elongations whatever the value of the 
Poisson ratio. These equations (2.2) were first written in terms of deviato·ric stresses. 
Considering now the Poisson ratio to be variable, i.e. a function of ).1 and ).2, and 
utilising it in (2.2), we deduce the following relations 
E 
).1 -1 + ZI().2 -1) 
. 0"1 - 0"3 = 1 2 ' 
-ZI 
E 
).2 - 1 + ZI().1 - 1) 
0"2 - 0"3 = 1 2 ' 
-ZI 
(2.3) 
).1).2 - 1 
ZI= • 
).1).2().1 +).2 - 1) - 1 
These give a linear relation in uniaxial extension but a nonlinear one in biaxial strain, 
that is due to a variable Poisson's ratio. 
-- --- -----------------------------
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Thrner and Brennan [24] applied the Poisson ratio approach to predict the exper-
imental data due to Kawabata for the area of low extension ratios. However, from 
their paper [24] itself it is not clear if they used the formulation (2.3) or its analogue 
for incremental stresses: "It can, however, be successful if it is used for a series of in-
crements in extension, with each extension providing the basis for the next extension 
stage." If the latter then the equations they used would be 
(2.4) 
where Cl. denotes the increment in the quantity and is to be added to the current 
value. Note that Poisson's ratio v is still given by the same formula and is expressed 
in terms of current values of the stretches. 
To implement the incremental scheme (2.4) and to keep the results in consistency 
with 0"2 = 0"3 = 0 in imiaxial extension, we demand 
(2.5) 
Then the increments are related by 
(2.6) 
and this results in the formula for the stress as 
(2.7) 
which yields exactly the same expression if derived directly from (2.3) 
(2.8) 
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Otherwise, if (2.6) does not hold, there is an inconsistency in a nonzero value of 0'2: 
(2.9) 
Although the consistency in equibiaxial extension (0'1= 0'2) preserves if 
(2.10) 
and then the incremental stresses are of the form 
(2.11) 
this will change the nonlinear behaviour of the direct scheme (2.3) because Poisson's 
ratio varies at different steps now. 
To find out which of these two formulations (2.3), (2.4) they used, we reproduce 
both of them and compare the results with the Kawabata experimental data. Our 
findings on this we report in the next section. Anticipating the results, we should 
point out that the formulation (2.3) of the Poisson's ratio approach should be used. 
In the next section we present the extensive multiaxial data on isoprene rubber 
vulcanisate published by Kawabata [14]. 
2.3 The experimental data due to Kawabata 
This section lists the experimental results published by Kawabata et al. [14], and 
regarded by us throughout this work simply as the experimental data due to Kawa-
bata. They performed extensively not only uniaxial and equibiaxial tests but also 
non-equibiaxial ones. The section also contains some preliminary results on the pre-
diction of the data obtained in these experiments, that reproduce the work of Turner 
and Brennan [24] at low strain area on the basis of the Poisson's ratio approach. The 
area of large stretches will be dealt in the later sections. 
I 
- - - ---------;-------------------
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Extension ratios Eng. stresses Extension ratios Eng. stresses 
A1 . A2 0"1 0"2 A1 A2 0"1 0"2 
. 
1.040 0.981 0.0434 0.0000 1.100 0.953 0.1064 0.0000 
0.992 0.0525 0.0169 0.980 0.1246 0.0394 
1.000 0.0583 0.0284 1.000 0.1379 0.0688 
1.012 0.0676 0.0464 1.030 0.1565 0.1114 
1.020 0.0737 0.0573 1.050 0.1682 0.1368 
1.040 0.0846 0.0846 1.100 0.1981 0.1981 
1.060 0.971 0.0610 0.0000 1.120 0.945 0.1257 0.0000 
0.988 0.0777 0.0248 0.976 0.1461 0.0463 
1.000 0.0862 0.0421 1.000 0.1613 0.0813 
1.018 0.0992 0.0687 1.036 0.1827 0.1311 
1.030 0.1077 0.0852 1.060 0.1957 0.1608 
1.060 0.1216 0.1216 1.120 0.2293 0.2293 
1.080 0.962 0.0859 0.0000 1.140 0.937 0.1434 0.0000 
0.984 0.1016 0.0323 0.972 0.1669 0.0529 
1.000 0.1130 0.0559 1.000 0.1836 0.0936 
1.024 0.1289 0.0908 1.042 0.2074 0.1499 
1.040 0.1396 0.1116 1.070 0.2217 0.1826 
1.080 0.1645 0.1645 1.140 0.2570 0.2570 
Table 2.1: The Kawabata experimental data (MPa) for Isoprene Rubber Vulcanisate 
in biaxial strain at T = 293 K. (Continued on the next page.) 
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Extension ratios Eng. stresses Extension ratios Eng. stresses 
>'1 >'2 0'1 0'2 >'1 >'2 0'1 0'2 
1.160 0.928 0.1617 0.0000 , 1.300 0.877 0.270 0.000 
0.968' 0.1860 0.0595 0.955 0.317 0.112 
1.000 0.2052 0.1055 0.970 0.324 0.128 
1.048 0.2306 0.1682 1.000 0.334 0.179 
1.080 0.2457 0.2051 1.045 0.341 0.224 
1.160 0.2835 0.2835 1.090 0.362 0.274 
1.180 0.393 0.351 
1.300 0.421. 0.421 
1.200 0.913 0.1960 0.0000 1.600 0.791 0.433 0.000 
0.960 0.2233 0.0718 0.910 0.489 0.177 
1.000 0.2450 0.1283 0.940 0.499 0.217 
1.060 0.2731 0.2032 1.000 0.512 0.281 
1.100 0.2911 0.2448 1.090 0.532 0.367 
1.200 0.3297 0.3297 1.180 0.544 0.424 
1.360 0.572 0.518 
1.600 0.610 0.610 
1.240 0.898 0.2272 0.0000 1.900 0.725 0.553 0.000 
0.952 ,0.2587 0.0831 0.865 0.607 0.218 
1.000 0.2816 0.1499 0.910 0.617 0.272 
1.072 0.3121 ·0.2340 1.000 0.628 0.362 
1.120 0.3304 0.2820 1.135 0.654 0.462 
1.240 0.3716 0.3716 1.270 0.664 0.552 
1.540 0.701 0.637 
1.900 0.744 0.744 
Table 2.1: The Kawabata experimental data (MPa) for Isoprene Rubber Vulcanisate 
in biaxial'strain at T = 293 K. (Continued on the next page.) 
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Extension ratios Eng. stresses Extension ratios Eng. stresses 
),1 ),2 al a2 ),1 ),2 al a2 
2.200 0.674 0.651 0.000 3.100 0.568 0.919 0.000 
0.820 0.699 0.239 0.790 0.936 0.387 
0.880 0.711 0.315 1.000 0.959 0.557 
1.000 0.724 0.422 1.315 0.986 0.689 
1.180 0.749 0.531 1.630 1.019 0.796 
1.360 0.761 0.600 2.260 1.079 0.965 
1.720 0.809 0.735 3.100 1.190 1.190 
2.220 0.862 0.862 
2.500 0.632 0.740 0.000 3.400 0.542 1.016 0.000 
0.775 0.783 0.255 0.760 1.014 0.410 
0.850 0.786 0.342 1.000 1.031 0.593 
. 1.000 0.809 0.473 1.360 1.063 0.739 
1.225 0.830 0.588 1.720 1.088 0.853 . 
1.450 0.853 0.671 2.440 1.161 1.038 
1.900 0.902 0.816 
2.500 0.974 0.974 
2.800 0.598 0.827 0.000 3.700 0.520 1.117 0.000 
. 
0.820 0.858 0.368 1.000 1.102 0.628 
1.000 0.887 0.516 1.405 1.136 0.789 
1.270 0.910 0.638 
1.540 0.942 0.735 
2.080 0.991 0.892 
2.800 1.082 1.082 
Table 2.1: The Kawabata experimental data (MPa) for Isoprene Rubber Vulcanisate 
in biaxial strain at T = 293 K. 
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Experimentalists (for instance, Treloar's data) traditionally measure engineering 
stresses (normal tensile force acting on the initial area), and the Kawabata data 
is not an exception: it lists the values of engineering stresses (Table 2.1) as well. 
Theoreticians, however, usually operate with true stresses since this way we separate 
material. behaviour from geometrical effects. Therefore, the experimental points due 
to Kawabata have been recalculated into true stresses, which we present on the plots. 
First, we repeat their results modelling the behaviour of the rubber material in 
uniaxial and equibiaxial extensions reported by Kawabata. In our calculations we use 
the value of Young's modulus . 
E = 1.1354 MPa 
chosen by Turner and Brennan [24] on the basis of least squares best fit. 
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Figure 2.1: True stresses predicted by the Poisson's ratio approach (2.3), which coin-
cides in uniaxial extension with the incremental scheme (2.11), against the Kawabata 
experimental data (.). 
Figure 2.1 represents the results of direct formulation (2.3) in uniaxial extension 
versus the Ka~abata data (the results of consistent incremental scheme (2.7) coincide 
with those of direct formulae (2.8)). 
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The results of the direct formulation (2.3) give the following curve (Figure 2.2) 
against the Kawabata data in equibiaxial extension. 
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Figure 2.2: True stresses predicted by the Poisson's ratio approach (2.3) in equibiaxial 
extension against the Kawabata experimental data (.). 
The results of the incremental scheme (2.11) are presented by a dashed line against 
the Kawabata data in equibiaxial extension in Figure 2.3. 
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Figure 2.3: The results of incremental scheme (2.11) against the Kawabata experi-
mental data (.) in equibiaxial extension. 
Figure 2.4 shows two latter plots together for the comparison. It appears that the 
direct formulae (2.3) of the Poisson's ratio approach give the more accurate agreement 
with the experimental data given by Kawabata than its incremental scheme (2.4). 
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Figure 2.4: The results of direct Poisson's ratio simulation (solid) and incremental 
scheme (dashed) against the Kawabata experimental data (.) in equibiaxial extension. 
Figures 2.1 and 2.2 imply that the prediction on the basis of the Poisson's ra-
tio approach (2.3) agrees quite reasonably with the Kawabata experimental data in 
uniaxial and equibiaxial extensions in the area of low stretches. 
If we now extend the prediction into the area of larger stretches by the Poisson's 
. ratio approach, then the agreement with the Kawabata experimental data in uniaxial 
(Figure 2.5) and equibiaxial (Figure 2.6) deformations deteriorates. It is not sur-
prising for the formulation of the Poisson's ratio approach (2.3) utilises just a single 
material constant. 
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Figure 2.5: The results of direct Poisson's ratio simulation (2.3) against the Kawabata 
experimental data (.) in the area of large uniaxial extension. 
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Figure 2.6: The results of direct Poisson's ratio simulation (2.3) against the Kawabata 
experimental data (.) in the area of large equibiaxial extension. 
Thrner has pointed out in his talk [23] at a workshop in Oxford that the results can 
. be improved taking into account the residual stress, that arises through the tension 
in the microstructure of rubberlike materials. For that purpose he proposes to exploit 
. the filament theory. The next section deals with its particulars. 
2.4 The filament theory and the composite model 
In this section we give the description of the filament theory, that has been proposed 
by Thrner [23] to account for large strain deformations in rubberlike materials. This 
one together with the Poisson's ratio approach forms the basis of the composite model. 
Thrner and Brennan [24] proposed to use the Poisson's ratio approach to predict 
the Iow strain deformations in elastic materials requiring only a single material con-
stant. It works well for the mentioned range of deformation, but starts to deviate 
significantly in the area of large strain. In his talk Thrner [23] has invited us to ex-
tend the model into the area of large strains using the same concept that Arruda and 
Boyce used but observing the orientation of only one filament. 
The angle (Figure 2.7) between the corner to corner line and the direction of the 
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Figure 2.7: A single filament model for undeformed (left) and deformed (right) con-
figurations. Reproduced from [23]. 
extension defined as 
tanal = A~ +A~ A~ 
serves as the parameter that describes the orientation achieved in drawing. 
The tension in a filament tr is given [23] by the expression 
e 
tr=Er1 / ' 
- e erna.x 
(2.13) 
(2.14) 
in which Er is the elasticity parameter of the filament, emax is the limit of extensibility, 
which is quantified by the extension of a filament, e, that reads 
e= 
A~ + A~ + A~ -1 
3 . (2.15) 
Note that the expression (2.14) does not have any statistical basis, it is purely 
empirical, and thus the whole theory is merely empirical. Although there is some 
advantage in this: you can amend the model in whatever way you may want to. 
-- - - ---------------------
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The filament extension (2.15) is a function of the first invariant 6f the stretch 
tensor o~ly and can be expressed in terms of AChain given by (1.17) as e = Achain ~ 1. 
'Turner [23J has approximated the behaviour of the inverse Langevin function present 
in (1.16) by a simple expression for the filament tension (2.14). Hence, filament theory 
has to some extent a similar concept as the eight-chain model [1]. 
Note that the axes of principal strain coincide with sides of parallelepiped (Figure 
2.7)., The principal stresses are given by the relations O'ir = Aitir, where tir are engi-
neering stresses. The latter can be found from the bulk resolution of tensile forces· 
that in deformed configuration reads 
..., ...., ..., ..., 
tlf i + t2r j + t3r k = tr er, 
where the vector along the diagonal is equal to er = cos al i + cos a2 J + cos a3 k. 
Then the true stresses for the filament model may be expressed in the form 
(2.16) 
in which cos ai, being defined in the manner of (2.13), read 
Ai 
cos ai= '/A2+A2+A2' 
v 1 2 3 
(2.17) 
The principal stresses (2.16) for the filament model together with the principal 
stresses (2.3) defined through the Poisson's ratio approach constitute the composite 
model for rubber like materials 
, Al - 1 + V(A2 - 1) . Er e 
0'1 - 0'3 = E 1 2 + (AI cos al - A3 cos (3) 1 / ' 
- v - e emax 
A2 - 1 + V(Al - 1) Er e 
0'2 - 0'3 = E 1 2 + (A2 cos a2 - A3 cos(3)1 / ' 
- v - e emax 
(2.18) 
AIA2 -1 
V= . 
AIA2(Al + A2 - 1) -1 
--------------------------------------~------~--------------------
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The composite model (2.18) possesses three material parameters: Young's mod-
ulus E, the filament modulus Er, and the limit to extensibility emax • It exhibits a 
nonlinear behaviour of engineering stresses in deformation, and Poisson's ratio is not 
a material constant by a variable. 
In the next section we extend the prediction of the Kawabata experimental data 
in uniaxial and biaxial tests into the area of large strains. 
2.5 Prediction of the stress in uniaxial and equib-
iaxial extensions 
In this section we give the prediction to the Kawabata experimental results in uniaxial 
and biaxial tests extended into the area of large strains. For that purpose we also 
consider the methods used to choose the three parameters for the composite model: 
Young's modulus E, the filament modulus Er, and the limit to extensibility emax • 
The Figure 2.8 represents the behaviour of a reduced filament tension, tr/ Er, with 
emax taken from (2.25). 
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Figure 2.8: The growth of a reduced filament tension in uniaxial (solid) and equibi-
axial (dashed) deformations. 
The orientation of the filament makes the true stress initially proportional to the 
- ------------------------------
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square of the extension ratio. Then ultimately the stress rises steeply due to the term 
with emax . Note that shapes of two curves in Figure 2.8 replicate those of correspon-
dent curves in Figure 1.5. This resemblance arises from a close approximation of the 
inverse Langevin function by (2.14). 
Figure 2.8 clearly suggests that in the area of low strain the stress due to the 
Poisson's ratio approach plays the dominant role, and then further the filament theory 
starts to affect the composite model significantly. Therefore, Young's modulus E can 
be found on the basis of the experimental data in the area of low stretches, and thus 
we may stick to Young's modulus (2.12) determined by Thrner and Brennan [24]. 
The method to identify the limit to extensibility, em.,,, is not that straightfor-
ward. Figure 2.9 compares the growth of the filament extension (2.15) in uniaxial 
and equibiaxial strains. 
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Figure 2.9: The behaviour of a filament extension (2.15) in uniaxial (solid) and equib-
iaxial (dashed) deformations. 
Testing the extensibility of a material up to its limit, the physical constant emax 
. can be determined experimentally, and this would give truly a physical meaning to 
the material constant. That needs, of course, an additional experimental study. 
Alternatively the value of the maximum extensibility can be chosen ad hoc for 
a particular set of experimental data (not a material). Theoretically, the parameter 
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could be determined through the least squares best fit applied to the standard devi-
ation function of the filament modulus, Ec, and the limit to extensibility, em.,,, in the 
manner similar to described below (2.20)-(2.24). However, the relations deduced are 
quite complicated and the solution to those is not obvious since the extensibility limit 
comes nonlinearly into the expression for the tensile force (2.14) and stands adjacent 
to another material parameter, the filament modulus .. 
Therefore, it is our understanding that first it is necessary to identify the limita-
tions on the fil~ment extension on the basis of the experimental data available. This 
leads to a restriction on the parameter as follows 
max e < em.,,, 
>. 
(2.19) 
which prevents the infinite growth of the stress to happen before and when the largest 
stretch from the available experimental data occurs. Secondly, the filament modulus 
Ec can be found minimising the deviation function (square of the S.D.) 
D (E) = ..!.. " laexp (>') - a(>., EcW 
rel C N L.J 2 (>.) . ' >. >. aexp (2.20) 
(N). is a number of points), for each value of emax varied within the interval 
That way we can manage to numerically obtain the extremum points of the extensi-
bility limit correspondent to the minimum value of the standard deviation within the 
above-mentioned segment, and this may be implemented in the appropriate environ-
ment like Mathematica 4.1 developed by Wolfram Research. 
The expression (2.20) can be reduced to the form 
D (E) =.!.. " 10";(>.) - A(>') EcW 
rel C N L.J 2 (>.) , 
>. >. aexp 
(2.21) 
in which we put 
C1;(>.) = C1exp (>') - [C1lp(>') - C13P(>')]' 
C11£(>', Er) - C13f(>', Er) = A(>') Er, 
A(>'I) = (>'1 cos al - >'3 cos a3) e, 
1- e/emax 
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(2.22) 
where the subscript p relates to a stress defined by the Poisson's ratio approach (2.3). 
Subsequently from the least squares best fit 
(2.23) 
the filament modulus Er can be obtained as 
(2.24) 
Minimisation of the deviation function (2.21) can be carried out on the basis of 
data either on one type of a (uniaxial or equibiaxial) test or on both collectively. 
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Figure 2.10: The standard deviation between the prediction of the composite model 
(2.18) in uniaxial extension and Kawabata's experimental data. 
The standard deviation between the experimental data and the prediction in 
equibiaxial deformation calculated with parameters determined on the basis of uni-
axial data alone (Figure 2.10) is higher than 7.140% for the whole range of em",' 
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Figure 2.11: The standard deviation between the prediction of the composite model 
(2.18) in equibiaxial extension (solid) and Kawabata's experimental data; and with 
the same parameters in uni:ucial extension (dashed). 
Interestingly, both solid curves (Figures 2.10 and 2.11) have the minima within 
the similar area of emax , although standard deviations at a minimum are completely 
different and correspond to different filament moduli. 
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Figure 2.12: The standard deviation in the prediction by the composite model (2.18) 
of true stresses from the Kawabata experimental data in uniaxial and equibiaxial 
extensions collectively. 
If we choose the value of emax giving the minimum of the standard deviation in 
uniaxial test (Figure 2.10) then the standard deviation in equibiaxial deformation 
would be high (S.D.=11.810%). And vice versa: if we choose the value of emax giving 
the minimum of the standard deviation in equibiaxial experiment (Figure 2.11) then 
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the standard deviation in uniaxial strain would also be relatively big (8.0.=6.593%). 
Therefore, we present the values of the limit to extensibility and filament modulus, 
emax = 2.1967, (2.25) 
Ef = 0.0831 MPa, 
subsequently found on the basis of the least squares best fit (2.24), which gives the 
least standard deviation in uniaxial and equibiaxial tests collectively (Figure 2.12) . 
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Figure 2.13: The prediction of the true stress by the composite model (2.25) in 
uniaxial extension versus the Kawabata experimental data (e). (8.0.=3.806%.) 
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Figure 2.14: The prediction of the true stress by the cqmposite model (2.25) in 
equibiaxial extension versus the Kawabata experimental data (e). (8.0.=5.944%.) 
This set of parameters (2.25) yields the standard deviations of 3.806% in uniaxial 
experiment (Figure 2.13) and of 5.944% in equibiaxial test (Figure 2.14). 
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Though the accuracy of the prediction on the Kawabata experimental data is 
already high, we can try and look for the improvement in equibiaxial strain. Since 
the composite model is purely empirical, we can modify it by adding a complementary 
term, which could correlate the error, in the expression for filament tension 
e 
tf = (Ero + Efle) 1 / ' 
- e emax 
(2.26) 
here Ero and Efl are new elasticity parameters entered instead of one Ef previously 
(2.14). The parameters of (2.26) can be determined with the value of E (2.12) by 
analogous procedure to one described above that led to a set (2.25). That will give 
. emax = 3.0637, 
Ero = 0.0093 MPa, 
Efl = 0.0931 MPa. 
(2.27) 
This.set of parameters for the amended model yields in the standard deviations of 
3.820% in uniaxial experiment (Figure 2.15) and 5.411% in equibiaxial test (Figure 
2.16). Though the standard deviation is improved in equibiaxial deformation, this 
has been achieved at the expense of the standard deviation in uniaxial test. 
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Figure 2.15: The prediction of the amended composite model (2.26) in uniaxial ex-
tension versus the Kawabata experimental data (e). (S.D.=3.820%.) 
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Figure 2.16: The prediction of the amended composite model (2.26) in equibiaxial 
extension versus the Kawabata experimental data (e). (S.D.=5.411%.) 
Thus the composite model proposed by Turner [23J provides a reasonable and 
competitive agreement with the experimental data in uniaxial and equibiaxial tests. 
If this section has mainly concentrated its attention on the procedure of choosing 
the set of material constants, the next one provides a real test for the composite 
model. 
2.6 Model evaluation in non-equibiaxial extension 
We are now ready to give the main result of this chapter, which is quite intriguing 
and promising. 
Having determined the set of parameters (2.12), (2.25) that gives the best agr.ee-
ment with the Kawabata experimental data on uniaxial and equibiaxial extensions, 
we are now in the position to check the predictions of the composite model in non-
equibiaxial strain. Fortunately, for this purpose plenty of data is available in Kawa-
bata's paper (section 2.3). 
Keeping the stretch in one direction, .xt, constant we vary the stretch in the second 
direction, >'2, between its values in uniaxial and equibiaxial deformations. Now we 
have to predict two principal stresses, 0"1 and 0"2. 
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The evaluation has been performed for >'1 ~ 1.3 for we are most interested, of 
course, in the area of large strains. 
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Figure 2.17: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, ab versus the Kawabata experimental data (.) at the constant 
stretch Al = 1.3. 
The standard deviation of the stress al predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 1.3 constitutes 1.608%. 
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Figure 2.18: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, a2, versus the Kawabata experimental data (.) at the constant 
stretch Al = 1.3. 
The standard deviation of the stress a2 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 1.3 constitutes 1.743%. 
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Figure 2.19: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, (11, versus the Kawabata experimental data (.) at the constant 
stretch )'1 = 1.6. 
The standard deviation of the stress (11 predicted by the composite model in non- . 
equibiaxial deformation at the constant stretch Al . 1.6 constitutes 4.012%. 
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Figure 2.20: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, (12, versus the Kawabata experimental data (.) at the constant 
stretch Al = 1. 6. 
The standard deviation of the stress (12 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 1.6 constitutes 4.764%. 
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Figure 2.21: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0"1, versus the Kawabata experimental data (.) at the constant 
stretch Al = 1.9. 
The standard deviation of the stress 0"1 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 1.9 constitutes 5.001%. 
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Figure 2.22: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0"2, versus the Kawabata experimental data (.) at the constant 
stretch Al = 1.9. 
The standard deviation of the stress 0"2 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 1.9 constitutes· 6.786%. 
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Figure 2.23: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, aI, versus the Kawabata experimental data (.) at the constant 
stretch ).1 = 2.2. 
The standard deviation of the stress a1 predicted by the composite model in non-
equibiaxial deformation at the constant stretch ).1 = 2.2 constitutes 4.362%. 
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Figure 2.24: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, a2, versus the Kawabata experimental data (.) at the constant 
stretch ).1 = 2.2. 
The standard deviation of the stress a2 predicted by the composite model in non-
I 
equibiaxial deformation at the constant stretch ).1 = 2.2 constitutes 7.811%. 
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Figure 2.25: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'1, versus the Kawabata experimental data (.) at the constant 
stretch A1 = 2.5. 
The standard deviation of the stress 0'1 predicted by the composite model in non-
equibiaxial deformation at the constant stretch A1 = 2.5 constitutes 3.345%. 
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Figure 2.26: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'2, versus the Kawabata experimental data (.) at the constant 
stretch A1 = 2.5. 
The standard deviation of the stress 0'2 predicted by the composite model in non- . 
equibiaxial deformation at the constant stretch A1 = 2.5 constitutes 8.454%. 
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Figure 2.27: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'1, versus the Kawabata experimental data (.) at the constant 
stretch >'1 = 2.8. 
The standard deviation of the stress 0'1 predicted by the composite model in non-
equibiaxial deformation at the constant stretch >'1 = 2.8 constitutes 3.728%. 
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Figure 2.28: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'2, versus the Kawabata experimental data (.) at the constant 
stretch >'1 = 2.8. 
The standard deviation of the stress 0'2 predicted by the composite model in non-
equibiaxial deformation at the constant stretch >'1 = 2.8 constitutes 9.593%. 
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Figure 2.29: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'1. versus the Kawabata experimental data (.) at the constant 
stretch Al = 3.1. 
The standard deviation of the stress 0'1 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 3.1 constitutes 9.075%. 
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Figure 2.30: The prediction of the true stress by the composite model (2.18) in non-
equibiaxial extension, 0'2, versus the Kawabata experimental data (.) at the constant 
stretch Al = 3.1. 
The standard deviation of the stress 0'2 predicted by the composite model in non-
equibiaxial deformation at the constant stretch Al = 3.1 constitutes 11.248%. 
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The collection of Figures 2.17-2.30 shows a very accurate agreement of the com-
posite model and the Kawabata experimental data in non-equibiaxial deformation. 
Note that some of the figures have completely different scales and therefore attention 
needs to be paid to the numerical values of standard deviations mentioned there. 
The agreement between the prediction of the composite model and the Kawabata 
experimental results in non-equibiaxial deformation has been examined on the basis 
of preliminarily chosen set of parameters (2.12), (2.25) obtained from data on uniaxial 
and equibiaxial extensions. This gives the confidence to exploit the composite model 
predicting the nonlinear elastic behaviour of rubberlike materials and to proceed to 
the· modelling the yield stress of oriented PVC in the last chapter. 
The last section of this chapter is devoted to a comparison of standard deviations 
in the prediction of the Treloar experimental data by the composite model and the 
eight-chain model. 
2.7 On the standard deviations in the prediction 
of the Treloar data 
To compare the predictive capability of the composite model and of the eight-chain 
model, we need to evaluate the error in the prediction by the composite model of the 
Treloar experimental data. This section deals with the search for the parameters of 
the composite model, and subsequently the calculation of standard deviations. 
Recalling the argument from the previous section about. the partition into the 
areas of dominance between the stress due to the Poisson's ratio approach and the 
stress due to the filament theory, Young's modulus can be determined on the basis of 
the least squares best fit for the stretches from the region of 1.0 ::=:; >. ::=:; 2.0: 
E = 1.0038 MPa. (2.28) 
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Figures 2.31 and 2.32 reproduce the engineering stress due to the Poisson's ratio 
approach with given material constant (2.28). 
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Figure 2.31: The prediction of the engineering stress by the composite model (2.18) 
in the area of low uniaxial strain versus the Treloar experimental data (.). 
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Figure 2.32: The prediction of the engineering stress by the composite model (2.18) 
in the area of low equibiaxial strain versus the Treloar experimental data (.). 
Two other parameters, the filament modulus and the maximum extensibility, were 
determined in the similar manner to that (2.19)-(2.24) of the section 2.5. 
The choice of the emax value in the minimum of the standard deviation in uniaxial 
test (Figure 2.33) gives the standard deviation of 4.695% in equibiaxial experiment. 
The value of emax in the minimum of the standard deviation in equibiaxial strain 
(Figure 2.34) would lead to the standard deviation of 24.001 % in uniaxial deformation. 
O.S 
0.4 
Q 0.3 
.; 
0.2 
0.1 
\ 
\ 
'-
100 120 
---
.....-
140 160 
e...,. I max e (%) 
A 
62 
180 200 
Figure 2.33: The standard deviation in the prediction by the composite model (2.18) 
of the engineering stress from the Treloar experimental data in uniaxial extension. 
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Figure 2.34: The standard deviation in the prediction by the composite model (2.18) 
of the engineering stress from the Treloar experimental data in equibiaxial extension. 
Therefore, we present the value of the limit to extensibility and filament modulus, 
emax = 4.1012, 
(2.29) 
Er = 0.2520 MPa, 
which give the least standard deviation we encountered in uniaxial and equibiaxial 
tests collectively (Figure 2.35). In fact, this curve is very similar to that in uniaxial 
extension only (Figure 2.33). 
The standard deviation in the prediction of the Treloar uniaxial data (Figure 2.36) 
constitutes only 5.778%, and for the Treloar equibiaxial data (Figure 2.37) it amounts 
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Figure 2.35: The standard deviation in the prediction by the composite model (2.18) 
of the engineering stress from the Treloar experimental data in uniaxial and equibi-
axial extensions collectively. 
just to 4.031%. 
Thus, for set of parameters listed by (2.28)-(2.29) the observed agreement of the 
composite model with the Treloar experimental data is better than it is with the 
eight-chain model. It is quite encouraging but not surprising since the composite 
model requires one material constant more than the eight-chain model does. 
Nevertheless, this suggests along with the results of two previous sections that 
it is' advisable from the practical standpoint to exploit the composite model in the 
study into the mechanical behaviour of PVC. 
The next chapter extends our consideration onto the yield stress of oriented PVC 
material, whose expression is based on the filament theory presented in the current 
chapter, and thus is related to the composite model in focus. 
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Figure 2.36: The prediction of the engineering stress by the composite model (2.18) 
in uniaxial extension versus the Treloar experimental data (e). (S.D.=5.778%.) 
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Figure 2.37: The prediction of the engineering stress by the composite model (2.18) 
in equibiaxial extension versus the Treloar experimental data (e). (S.D.=4.031%.) 
Chapter 3 
The yield stress of oriented PVC 
and its prediction 
An application of the filament model described in the previous chapter to the the 
prediction of the yield stress is quite a logical continuation of our study on the me-
chanical behaviour of PVC material, and it is presented in the second section. Also 
we report our experimental results obtained for the yield stress of PVC sheets ori-
ented in pure shear deformation. These results are'then theoretically predicted on the 
basis of the filament model for the yield stress of oriented material. Simple filament 
model relations, applied to predict the yield stress of oriented materials, give very 
reasonable agreement with the experiment. 
3.1 Introduction 
It is shown in the previous chapter that the composite model copes very well with 
both sets of the available experimental data due to Kawabata and due to Treloar. 
Furthermore, it gives the lesser standard deviation (chapter 2, section 2.7) for the 
. Treloar experimental data than the eight-chain model does (chapter 1, sectio~ 1.4). 
Thus, it is entirely natural to extend our evaluation of the composite model onto 
the prediction of the yield stress of oriented material (in particular, PVC). 
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We base the model for the yield stress of oriented material on the filament theory. 
The orientation gives rise to enhanced mechanical properties. Hence, the yield stress 
, 
increases in the direction of the orientation. It is incorporated by means of a filament 
tension, which is frozen in the material as a residual stress on cooling. 
Our experimental study on the yield stress of PVC material oriented in pure shear 
covers samples cut at different angles to the unstretched side of the sheet: 'P = 0°, 
30°, 60°, 90°. Hence, the anisotropy is once again confirmed and characterised. 
The last section of this chapter deals with the prediction of the yield stress. The 
interesting trends are observed. 
3.2 The filament model for the yield stress of ori-
ented material 
To predict the yield stress of an oriented material we need to take into account the 
material anisotropy resulting from the prior hot-working while orienting the sample. 
It is assumed that before the material can yield it is first necessary to counteract the 
residual stress, and that additional stresses over and above this value will be required 
in order to produce yielding. 
Therefore, if the initial yield stress of an unoriented material is equal to Y, then 
after the orientation takes place the yield will differ in different directions, and the 
principal yield stresses are 
Yi = Y +a;r, 
1'2 = Y +a~r, 
Ya = Y +a;r, 
(3.1) 
where a~r, a~r, a;r are the filament principal deviatoric stresses. These represent 
the residual stresses, which were "frozen in" on cooling below Tg during orientation 
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process and thus are required to overcome first in order to produce yielding then. 
Principal deviatoric stresses may be written as 
a;f = alf - 1/3 (alf + a2f + aaf), 
a~f = a2f - 1/3 (alf + a2f + aaf), 
a;f = aaf -1/3 (alf + a2f + aaf). 
(3.2) 
Note that there is the difference with the expressions for the filament stresses (2.16) 
alf = Al cos 011 (tf + tp), 
a2f = A2 cos 012 (tf + tp), 
a3f = Aa cos aa (tf + tp), 
(3.3) 
in accounting the pre-stress tp, which could arise due to orientations during the initial 
moulding, disorientations during the annealing period, and recovery between drawing 
and testing; Ab A2, Aa correspond to the extension ratios during the orientation and 
all the other variables have the same meaning as these do in the previous chapter. 
Now to predict the yield stress in the Xl-direction resulting from the turn of the 
xl-axis counterclockwise on the /I-angle 
(3.4) 
we need to transform the yield stress tensor of the second rank 
OXI OXI OX2 OX2 oXa oXa 
Yx •x• = Yi. oXI . oXI + Y2 oXI . oX! + Y3 oX! . oX!· (3.5) 
On the basis of (3.4) and (3.5) the yield stress in the /I-direction may be expressed as 
• 
(3.6) 
In the next section we present the experimental data on the yield stress of oriented 
PVC material and give the description of the tests performed. 
• 
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3.3 The experimental data on the yield stress of 
oriented PVC 
In the previous chapters we based our evaluation on the experimental data due to 
Treloar and the extensive experimental data due to Kawabata. To evaluate the pre-
dictive ability of the filament model for the yield stress of oriented PVC we perform 
our own set of experiments from sample preparations to the tensile tests. 
Before proceeding to the experimental data itself, we describe our tests. First, we 
performed the orientation of a PVC sheet with thickness of 1.0 mm. The dimensions 
of the initial sheet is presented in Figure 3.1. A PVC sheet has been stretched at 
A B 
C D 
. 
120 mm 
Figure 3.1: Square sample for the unidirectional orientation. 
temperatures ~ 90°C and at a draw rate of 50 mm/min in the draw direction, and 
then allowed to cool to room temperature whilst being held in the stretched state. 
No annealing process took place. 
----------------------------------------------------------
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PVC material was oriented in one direction but not uniaxially: the type of de-
formation was a pure shear, which is a pure homogeneous strain in which· one of the 
principal extension ratios is 1.0 and the volume is preserved, 
(3.7) 
It can be produced by stretching a sheet of PVC in such a way that its width remains 
unchanged. 
We obtained a close approximation to a pure shear 1:iy simply stretching a short 
wide strip (100 mm x 10 mm) of the PVC sheet (Figure 3.2) clamped along the edge 
CD and gripped at nodes A and B. The length was large in comparison to the width, 
and thus the non-uniformity of strain is relatively slight, and is limited to a small 
outer region. This is illustrated in Figure 3.2, representing the appearance of equally 
spaced vertical lines in a strip of the PVC sheet of "length" 100.0 mm and "width" 
about 10 mm. 
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Figure 3.2: A single strip of the sample oriented in a pure shear. 
Pure shear deformation is more closely related to uniaxial extension than to equib-
iaxial one because chain stretch occurs due to stretching along one principal direction 
with chains being drawn from one direction transverse to the extension direction in 
I 
pure shear. Thus a: pure shear experiment yields a limiting stretch value which is 
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Pure shear, Ap Number of tests Force (N) 
1.5 4 546.75 
2.0 4 711.00 
2.5 3 923.00 
3.0 2 1080.00 
Table 3.1: Forces required to bring the stretches up to the necessary value. 
similar to that in uniaxial extension. The comparison of biaxial, uniaxial, and pure 
shear deformations has been given in section 1.4. 
Table 3.1 gives the forces necessary to stretch the PVC sheet up to the required 
extension ratio at the temperature about T = 93°C. The initial area over which the 
.engineering stresses acted was 120.0 mm x 1.0 mm = 1.2.10-'4 m2 • 
Afterwards we cut a number of samples at the different angles (cp = 0°, 30°, 60°, 
90°) to the unstretched direction to produce the standard dumbbell (Figure 3.3) for 
the tensile test. 
4-
,------,," ::~~. --.-! _~""""--. ~I ] .12:5 
" 25 
7S .. 
Figure 3,3: The standard dumbbell prepared for the tensile test. 
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Angle, Pre-stretch, Number Yield (MPa) Extension (mm) 
If' >'p of tests averaged averaged at yield 
. 
any 1.0 10 73.67 2.170 
90· 1.5 9 72.05 1.849 
2.1 8 84.28 1.908 
2.5 6 91.87 2.164 
3.3 8 108.88 1.869 
60· 1.5 4 68.10 1.801 
1.6 3 71.57 1.686 
2.2 8 82.82 , 1.842 
2.6 4 80.66 1.779 
2.7 4 79.70 2.117 
2.8 4 81.59 1.768 
3.0 4 80.63 1.758 
30· 1.5 4 67.68 1.867 
1.6 5 70.25 1.713 
2.0 3 69.07 1.786 
2.1 3 72.13 1.840 
2.2. 2 70.36 1.811 
2.6 3 66.39 1.726 
2.8 4 69.67 1.797 
3.0 2 67.75 1.654 
3.1 2 66.70 1.510 
3.2 2 68.10 1.448 
3.4 2 68.67 1.678 
O· 1.5 11 63.38 1.852 
2.2 7 68.40 1.868 
2.4 4 68.27 1.844 
2.5 3 70.13 1.769 
2.6 2 69.98 1.849 
3.0 6 63.71 1.625 
3.2 2 66.51 1.677 
Table 3.2: Our experimental 'data on the yield stress in different directions for PVC 
material oriented in pure shear. The angle is measured counterclockwise from the 
unstretched axis. 
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A more detailed account of experimental arrangements and the equipment used 
can be found elsewhere [9,10,12,13]. 
Our experimental data on the yield stress of oriented PVC in different directions is 
presented in the Table 3.2. The number of tests for different pre-stretches are scattered 
because an actual extension ratio of a pre-stretch measured locally for a standard 
dumbbell (Figure 3.3) differs from an extension ratio (Ap = 1.5, 2.0, 2.5, 3.0) applied 
to pre-stretch a whole sheet. 
It is interesting to point out that the extension ratio at yield (Table 3.2) is almost 
uniform and it varies within the narrow range 
1.05792 ::; Ay ::; 1.0868, (3.8) 
where the subscript y refers to the point of yield. In fact, its low value suggests that 
the elastic stress is insignificant in the observed yielding. 
The Table (3.2) also shows how anisotropic PVC material became after the orien-
tation took place. The values of the yield stress in different directions are scattered 
significantly. 
In the next section we predict the yield stresses for oriented PVC reported in the 
current section. Also we evaluate standard deviations in those predictions. 
3.4 Prediction of the yield stress of oriented PVC 
In the last section of this chapter we deal with prediction of our experimental results 
on the yield stress of PVC material oriented in pure shear and with evaluation of the 
standard deviations encountered in this modelling. 
To model the yield stress of oriented PVC we ought to determine three physical 
constants of the material: the limit to extensibility emax; the filament modulus E f , 
and the pre-stress tp. These have been chosen on the basis of the experimental data 
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on the yield stress (Table 3.2) in the direction <p = 90°. It is the most reliable set of 
data obtained, Le. it has the highest average number of tests performed per one pre-
stretch. Also the choice is partially due to almost the highest value of the pre-stretch 
done, that guarantees us to have the best agreement we can achieve at the maximum 
pre-stretch (Ap = 3.4) corresponding to a maximum value of filament extension 
max e = 1.0532, 
l.O:9p.~3.4 
here subscript ps indicates deformation in pure shear. 
Material parameters (in particular, Ef and t p ) have been chosen through the sim-
ilar procedure to one of the section 2.5, i.e. the least squares best fit has been applied 
for each value of emax to the deviation function (square of the S.D.) 
Dw(Ef' tp) = 1 . L W(Ap) IYexp(Ap) - ;",(Ap, Er, tpW, E~p(",) W(Ap) ~p("') Y.xp(Ap) 
weighted with respect to the number of tests W(Ap) corresponding to the pre-stretch 
Ap = Ap(<p), which are given in Table 3.2. (Note that the initial yield stress of an 
unoriented material equals to Y = 73.67 MPa.) 
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Figure 3.4: The standard deviation in the prediction of the yield stress by the filament 
theory (3.1) from our experimental data on PVC in the directions: <p = 90° (solid) 
and <p = 0° (dashed). 
Figure 3.4 indicates that the standard deviation decreases with growth of max-
imum extensibility parameter for the data on samples cut at the angle <p = 90°, 
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whereas the standard deviation for the yield stress at angle tp = 0° calculated with 
the same set of parameters would, however, increase (Figure 3.4). 
Nevertheless, the standard deviation in both directions remains in a reasonable 
range. This justifies our choice of the maximum extensibility corresponding to a 
minimum of the standard deviation in both tests (tp = 90° and tp = 0°) collectively 
(Figure 3.5), but two other material parameters have still been chosen on the basis 
of the data for the direction tp = 90° alone. 
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Figure 3.5: The standard deviation in the prediction of the yield stress by the filament 
theory (3.1) from the experimental data on PVC in two directions: tp = 90~ (solid) 
and tp = 0° (dashed) collectively . 
. 
Hence, the set of material constants: the limit to extensibility, the filament mod-
ulus and the pre-stress have the values 
emax = 1.3575, 
Er = 2.9598 MPa, 
tp = 6.9663 MPa. 
(3.9) 
The result of fitting the yield stress in the direction tp = 90° is presented at Figure 
3.6. The standard deviation is just 4.751 %. The prediction of the yield stress at angle 
tp = 0° amounts to the standard deviation 8.755% and is shown at Figure 3.7. The 
high discrepancy at Ap = 1.5 (Figure 3.7) clearly suggests that it is the error of the 
experiment or there is some unknown effect here, that is quite unlikely. 
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Figure 3.6: The prediction (solid) of the yield stress (e) at angle cp = 90° (in the 
direction of pure shear orientation) for PVC'oriented in pure shear. (8.D.=4.751%.) 
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Figure 3.7: The prediction (solid) of the yield stress (e) at angle cp = 0° (transverse 
to the direction· of pure shear orientation) for PVC oriented in pure shear. 
(8.D.=8.755%.) . 
Note that we measured the angle cp to the unstretched direction. Thus, to calculate 
the yield stress Ye on the basis of (3.4)-(3.7) we need to put Y1 = Yo, }2 = 1190, () = cp. 
For cp = 60° the standard deviation (Figure 3.8) constitutes 7.021%. The same 
discrepancy at Ap = 1.5 shows up in Figures 3.8 and 3.9 for samples cut at angle 
cp = 60° and cp = 30° as well. Though the curve (Figure 3.9) for the yield stress of 
oriented PVC for samples cut at cp = 30° is higher than the experimental data within . I 
the whole range of pre-stretches, the standard deviation is equal to only 6.395%. On 
the whole the errors in the prediction of the yield stress in different directions for 
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Figure 3.8: The prediction (solid) of the yield stress (.) at angle 'P = 60° for PVC 
oriented in pure shear. (S.D.=7.021%.) 
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Figure 3.9: The prediction (solid) of the yield stress (.) at angle 'P = 30° for PVC 
oriented in pure shear. (S.D.=6.395%.) 
PVC material oriented in pure shear are not excessive and acceptable. 
It is clear that there are two trends: one in the direction of 'P = 90° and the other 
in the direction of 'P = 0°. The latter preserves for the yield stress of samples cut at 
'P = 30°, while the former dominates for the yield stress of samples cut at 'P = 60°. 
Therefore, it is interestine; to see which one succeeds in the direction 'P = 45°, although 
we do not have any experimental data to compare with. 
88 
86 
84 
~ 82 
~ 80 
~ 78 
76 
74 
1 
~ 
--
f-" 
1.5 2 2.5 
78 
I 
/ 
/ 
v 
/" 
3 3.5 
Figure 3.10: The prediction (solid) of the yield stress at angle 'P = 45° for PVC 
oriented in pure shear. 
There is a clear indication that the trend in the direction 'P = 90° is the dominant 
one (Figure 3.1O). It is hardly surprising since this is the direction of orientation and 
thus the less we deviate from it, the more properties of PVC material are enhanced 
in this direction. 
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Figure 3.11: The prediction of the yield stress for PVC oriented in pure shear at the 
angles 'P = 90° and 'P = 0° and in biaxial extensions. 
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The trunk curve in Figure 3.11 represents the yield stress of the PVC material 
oriented equibiaxially, whereas the branches correspond to non-equibiaxial orienta-
tion. The direction in which the yield stress was calculated is indicated at the figure 
by underlining the extension ratio. Experimental points for the yield stress in the 
direction cp = 90° are presented by empty triangles, whereas those in the direction 
tp = 0° appear as filled triangles. The variations in the yield stress in Figure 3.11 
reproduces the trend for the failure strength measured by M. Gilbert et al. [10]. 
By and large the composite model copes very well with all experimental results 
we used herein: extensive data due to Kawabata on isoprene rubber vulcanisate, 
data due to Treloar on the vulcanised 8% Sulphur rubber stretched largely, and our. 
experimental data on the yield stress of PVC material oriented in pure shear. 
Therefore, from our experience we advise the use of the composite model in the 
further study on the mechanical behaviour of PVC. 
We suggest that further research on tensile properties of PVC material is likely 
to reveal additional advantages of the composite model and thus contribute to our 
understanding of the mechanical behaviour of PVC in particular and of rubberlike 
materials in general. 
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